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Definition

A linear code C C " is called a cyclic code if for every vector
(20, a1, .- .,an—2,3n—1) in the code, we have that also the vector
(ap—1,40,a1,...,ap—2) is in the code.




Definition
A linear code C C " is called a cyclic code if for every vector

(20, a1, .- .,an—2,3n—1) in the code, we have that also the vector
(ap—1,40,a1,...,ap—2) is in the code.
Notice that the definition implies that if (ag, a1, ..., a,—2,a,—1) is in the

code, then all the vectors obtained from this one by a cyclic permutation
of its coordinates are also in the code.
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We shall denote by [f] the class of the polynomial f € F[X] in R,,.
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Let

FX]

= -y

We shall denote by [f] the class of the polynomial f € F[X] in R,.
The mapping:

F(X
o F" — —[ ]
X 1)
(ag, a1, ---,ap—2,ap—1) € F[X] — [ag + a1 X + ... + a,,,zX'H2 + a,,,anfl].

@ is an isomorphism of F-vector spaces. Hence A code C C F" is
cyclic if and only if o(C) is an ideal of R .



In the case when C, = (a|a" =1) = {1,a,2%,...,a" 1} isa
cyclic group of order n, and F is a field, the elements of FC, are of
the form:

a=op+a1a—+ a232 +---+ Oln—lanil-
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In the case when C, = (a|a" =1) = {1,a,2%,...,a" 1} isa
cyclic group of order n, and F is a field, the elements of FC, are of
the form:

a=op+a1a—+ a232 +---+ Oln—lanil-

It is easy to show that

F[X]

FC, = n= Tvn .
C R X7 1)

Hence, to study cyclic codes is equivalent to study
ideals of a group algebra of the form FC,,.
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Definition
A group code is an ideal of a finite group algebra.
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A group code is an ideal of a finite group algebra.

S.D. Berman 1967.
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In what follows, we shall always assume that char(K) y |G| so all
group algebras considered here will be semisimple and thus, all
ideals of FG are of the form | = FGe, where e € FG is an
idempotent element.



Idempotents from subgroups

Let H be a subgroup of a finite group G and let F be a field such
that car(F) J|G|. The element

1
H=—-%h
il 2

is an idempotent of the group algebra FG, called the idempotent
determined by H.



Idempotents from subgroups

Let H be a subgroup of a finite group G and let F be a field such
that car(F) J|G|. The element

. 1
H:mZh

heH

is an idempotent of the group algebra FG, called the idempotent
determined by H.

H is central if and only if H is normal in G.



If H is a normal subgroup of a group G, we have that
FG - H = F[G/H]
via the map ¢ : FG - H— F[G/H] given by

g.ﬁ — gH e G/H.
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If H is a normal subgroup of a group G, we have that
FG - H = F[G/H]
via the map ¢ : FG - H— F[G/H] given by
g.ﬁ — gH e G/H.

SO

dimg ((FG).H) =& =[6:H]

Set 7 = {t1, to,..., tx} a transversal of K in G (where k =[G : H]
and we choose t; = 1), then

{tH|1<i<k}

is a a basis of (FG) - H.



Then, an element o« € FG - e can be written in the form

a = Z a,,yI:I.

VET



Then, an element o« € FG - e can be written in the form

a = Z Ckl,Vf:/.

If we denote 7 = {tl, to,..., td} and H = {hl, ho, ..., hm}, the
explicit expression of « is

a=aaitihm+astrhi+ - Fagtgh+- - +artihmtastohm+- - -+agtghm.



Then, an element o« € FG - e can be written in the form

a = Z Ckl/Vf:/.

If we denote 7 = {tl, to,..., td} and H = {hl, ho, ..., hm}, the
explicit expression of « is

a = aitithi+astrhi+- - agtghi+- - +artthmtaotohp+- - agtghm.

The sequence of coefficients of o, when written in this order, is
formed by d repetitions of the subsequence a1, sy, - - - ay, so this is
a repetition code.



Essential idempotents
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Let H be a normal subgroup of G. Then, H is a central
idempotent and, as such, a sum of primitive central idempotents
called its constituents.
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Let H be a normal subgroup of G. Then, H is a central
idempotent and, as such, a sum of primitive central idempotents
called its constituents.

Let e be a primitive central idempotent of FG. Then:
o If e is not a constituent of H we have that eH = 0.

o If e is a constituent of H we have that eH = e.

In this last case, we have that FG - e C FG - H.
Hence, the minimal code FG - e is a repetition code.

We shall be interested in primitive idempotents which are not of
this type.



Definition

A primitive idempotent e in the group algebra FG, is an essential
idempotent if e- H = 0, for every subgroup H # (1) in G.

A minimal ideal of FG will be called essential ideal if it is
generated by an essential idempotent.




Definition

A primitive idempotent e in the group algebra FG, is an essential
idempotent if e- H = 0, for every subgroup H # (1) in G.

A minimal ideal of FG will be called essential ideal if it is
generated by an essential idempotent.

A

Let e € FG be a primitive central idempotent. Then e is essential
if and only if the map 7 : G — Ge, is a group isomorphism.

\.




If G is abelian and FG contains an essential idempotent, then G is
cyclic.




If G is abelian and FG contains an essential idempotent, then G is
cyclic.

If G is abelian, non-cyclic, then every minimal ideal gives a
repetition code.
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essential if and only if e- eg = e.




Assume that G is cyclic of order n = pi* - -- p{*. Then, G can be

written as a direct product G = G x - -+ X G, where C; is cyclic,

of order p", 1 <i < t.

Let K; be the minimal subgroup of C;; i.e. the unique subgroup of

order p; in C; and denote by a; a generator of this subgroup,

1<i<t Set - .
e=(1-Ki) - (1-Kp)

Then e is a non-zero central idempotent.

Proposition

Let G be a cyclic group. Then, a primitive idempotent e € FG is
essential if and only if e- eg = e.

Notice that the previous theorem actually shows that ¢j is the sum
of all essential idempotents so, the simple components of the ideal
FC.ey are precisely the essential ideals of FC.




Every minimal ideal in the semisimple group algebra FA of a finite
abelian group A is permutation equivalent to a minimal ideal in the
group algebra FC of a cyclic group C of the same order.




Let C be a binary linear code of constant weight, whose
generating matrix has no zero columns.




Let C be a binary linear code of constant weight, whose
generating matrix has no zero columns.

Then C is equivalent to a cyclic code which is either essencial or a
repetition code of an essencial code.
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Let G be a nilpotent group and let F be the family of all minimal
normal subgroups of G. For a field F such that char(F) } |G|, we

define R
e(G)= [J (1 - K) e FG.
KeF



Let G be a nilpotent group and let F be the family of all minimal
normal subgroups of G. For a field F such that char(F) } |G|, we

define R
e(G)= [J (1 - K) e FG.
KeF

With the notation above, e(G) is the sum of all the essential
idempotents of FG.




Let G be a nilpotent group. Suppose that e is a primitive central
idempotent of FG. Then, e € FG is an essential idempotent if and
only if e.e(G) = e.




Let G be a nilpotent group. Suppose that e is a primitive central
idempotent of FG. Then, e € FG is an essential idempotent if and
only if e.e(G) = e.

Let G be a finite nilpotent group. Then FG contains essential
idempotents if and only if the center of G is cyclic.
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Let G be a finite group and R a finite semisimple ring such that |G|
is invertible in R. Let e € RG be a primitive central idempotent.

We define

Ke={g € G:ge=e}

Notice that K, is the kernel of the group homomorphism
m: G — Ge, given by g — ge. Thus

}fe§Ge.



Let e € RG be a primitive central idempotent and K a normal
subgroup of G.

Then e.K = e if and only if K C Ke.

Furthermore, if K ¢ K, then eK = 0.
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Definitions

Let IF be a field and n a positive integer. Recall that an F-linear
transformation T : F” — F" is a monomial transformation if
there exists a permutation o € S,, and nonzero elements

ki, ko ..., k, in F such that

T(Xla X2y n aXn) = (klxa(l)a k2X0'(2) sy ano‘(n))a

for all (x1,x2,...,%,) € F".
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Definitions

Let IF be a field and n a positive integer. Recall that an F-linear
transformation T : F” — F" is a monomial transformation if
there exists a permutation o € S,, and nonzero elements

ki, ko ..., k, in F such that

T(x1,%2,- -, Xn) = (kiXo(1), k2X5(2) - - - » KnXs(n))5
for all (x1,x2,...,%,) € F".

Two linear codes C; and Cy in F” are monomially equivalent if
there exists a monomial transformation T : F" — F” such that
T(G)=0G.

In the particular case when k; =1, 1 </ < n, the codes are said
to be permutation equivalent.
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When a group G canbe written as a product G = AB, where A and
B are abelian subgroups of G then all ideals in a semisimple group
algebra FG are permutation equivalent to abelian codes ([1], [6]).

On the other hand, it was shown in [4], that there exists a
nilpotent code which is not monomially equivalent (and thus also
not permutation equivalent) to an abelian code.

In what follows, we give other conditions for group codes (not
necessarily nilpotent) to be permutation equivalent to e Abelian
codes.



Let G be a finite group of order n, F a field and e € FG an
idempotent. If there exists a subgroup H of G such that

char(F) J |H| and eH = e, then FGe is permutation equivalent to
an abelian code.
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Olteanu and Van Gelder, [4] considered the group algebra F2 G with
G=(abycla" =1,b>=1,°>=1,ba=a"b,[a,c] =1,[b,c] = 1),

which is metabelian, and exibited a best [105,3,60]-code in the
group algebra above.
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Olteanu and Van Gelder, [4] considered the group algebra F2 G with
G=(abycla" =1,b>=1,°>=1,ba=a"b,[a,c] =1,[b,c] = 1),

which is metabelian, and exibited a best [105,3,60]-code in the
group algebra above.

They stated “it is unclear whether this code can be realized as an
Abelian code or not."

The subgroup H = (b, ¢, aba—2) is non-normal, but if we denote by
e the idempotent generator for the given code, it can be shown
that eH = e. Hence, this code is equivalent to an Abelian code.



Let / be an ideal of the group algebra FG of dimension t. If /
contains a basis {u;}f_; whose elements have disjoint support, then
there exist elements g1, -+ , g+ € G such that {giu1, -+, geu1} is
also a basis of | and its elements have disjoint support.




Let / be an ideal of the group algebra FG of dimension t. If /
contains a basis {u;}f_; whose elements have disjoint support, then
there exist elements gy, -+ , gt € G such that {gyu1,- - ,gru1} is
also a basis of | and its elements have disjoint support.

Let G be a finite group of order n and let F be a finite field such
that char(F) J |G|. Suppose that / # (0) is a code in FG with a
basis whose elements have disjoint support. Then, / is monomially

equivalent to a cyclic code.




Let G be a finite nilpotent group. Let e € FG be a primitive
central idempotent which is not essential. Then FGe is
permutation equivalent to an abelian code.




Let G be a finite nilpotent group. Let e € FG be a primitive
central idempotent which is not essential. Then FGe is
permutation equivalent to an abelian code.

If G is a finite nilpotent group which has a non-cyclic center, then
every minimal code in FG is permutation equivalent to an abelian
code.




Let G be a finite nilpotent group of order n and e € FG be a
primitive central idempotent such that G/K. is of class ¢ < 2.
Then every code C C FG is permutation equivalent to a cyclic
code C" in FC,.
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